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Fixed pointsAbstract In this paper, the real fixed points and dynamics of one parameter family of functions
fkðxÞ ¼ kfðxÞ; k > 0, where fðxÞ ¼ ðbx  1Þ=x; x– 0 and fð0Þ ¼ ln b for b > 0; b– 1, are investi-
gated. The real fixed points of fkðxÞ as well as their nature are explored. For 0 < b < 1, it is seen
that one fixed point of fkðxÞ is attracting and one fixed point is repelling for 0 < k < k and fkðxÞ
has no real fixed points for k > k. It is also found that the bifurcation in the real dynamics of
fkðxÞ occurs at the real parameter value k. For b > 1, similar results are shown.
 2015 University of Bahrain. Publishing services by Elsevier B.V. This is an open access article under the
CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The dynamics of one parameter family of exponential map has
been vastly studied by Devaney (2001), Devaney (2004), and
Shen and Rempe-Gillen (2015). The investigation of the
dynamical properties of this exponential family is simpler than
other kinds of families which include exponential map,
(Fagella and Garijo, 2003; Kuroda and Jang, 1997; Petek
and Rugelj, 1998; Yanagihara and Gotoh, 1998). The real
dynamics of the cubic polynomials, generalized logistic maps
and one parameter family of transcendental functions was
found in Akbari and Rabii (2015); Magrenan and Gutierrez
(2015); Radwan (2013); and Sajid and Alsuwaiyan (2014)
respectively. The real dynamics of functions has become an
important research area, partially due to the dynamics in the
complex plane which was induced using the real dynamics by
Kapoor and Prasad (1998), Nayak and Prasad (2014), Sajid(2012), and Sajid and Kapoor (2007). Such investigations are
interesting for the description of Julia sets, Fatou sets and
other studies in complex dynamics. In the present paper, the
real dynamics of one parameter family of function ðbx  1Þ=x
for b > 0; b – 1 is explored which is a generalization of one
parameter family of function ðex  1Þ=x by Kapoor and
Prasad (1998). The real dynamics of the function ðbx  1Þ=x,
for b > 1, is similar to the dynamics of the function
ðex  1Þ=x and for 0 < b < 1, is somewhat similar to the
dynamics of ðex  1Þ=x. To achieve this goal, for b > 0 and
b– 1, the following function is assumed:
fðxÞ ¼
bx1
x
if x – 0
ln b if x ¼ 0
(
Consider one parameter family of function fðxÞ
G ¼ fkðxÞ ¼ kfðxÞ : k > 0f g
A point x is said to be a fixed point of function fðxÞ if
fðxÞ ¼ x. A fixed point xf is called attracting, neutral (indiffer-
ent) or repelling if jf 0ðxfÞj < 1; jf0ðxfÞj ¼ 1 or jf 0ðxfÞj > 1
respectively.
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the nature of these fixed points are found for 0 < b < 1 and
b > 1 respectively. The real dynamics of fk 2 G is shown in
Theorems 3.1 and 3.2 for 0 < b < 1 and b > 1 respectively.
2. Real fixed points of fk ‰G and their nature
Let fðxÞ ¼ bx1
x
; x – 0 and fð0Þ ¼ ln b. Further, suppose that
/ðxÞ ¼ fðxÞ  xf 0ðxÞ ¼ 1
x
½ð2 x ln bÞbx  2
For 0 < b < 1, the function fðxÞ is strictly increasing nega-
tive valued function and f 0ðxÞ is strictly decreasing positive val-
ued functions. Then, the function /ðxÞ is strictly decreasing in
the interval ð1; 0 and is negative in the interval ½0;þ1Þ.
Moreover, /ð0Þ ¼ ln b < 0 and /ðxÞ ! þ1 as x ! 1.
Therefore, there exists x1 2 ð1; 0Þ such that
/ðxÞ
> 0 for x < x1
¼ 0 for x ¼ x1
< 0 for x1 < x <1
8><
>: ð1Þ
where x1 is the unique negative real root of the equation
ð2 x ln bÞbx  2 ¼ 0.
Similarly, for b > 1, the functions fðxÞ and f 0ðxÞ are strictly
increasing positive valued functions. Hence, /ðxÞ is strictly
decreasing in ½0;þ1Þ and is positive in ð1; 0. Moreover,
/ð0Þ ¼ ln b > 0 and /ðxÞ ! 1 as x ! þ1. Consequently,
there exists x2 2 ð0;1Þ such that
/ðxÞ
> 0 for 1 < x < x2
¼ 0 for x ¼ x2
< 0 for x > x2
8><
>: ð2Þ
where x2 is the unique positive real root of the equation
ð2 x ln bÞbx  2 ¼ 0.
Remark 2.1. The relationship between x1 and x

2 is found as
x2 ¼ x1. It represents that x2 is a reflection of x1 about y-axis
which can be easily seen by Fig. 1.
Let us define
k ¼ 1
f 0ðx1Þ
and k ¼ 1
f 0ðx2ÞFig. 1 Graphs of function y ¼ ð2 x ln bÞbx  2 for b ¼ 1
2
and
b ¼ 2.Remark 2.2. It is observed that k ¼ k.
The following theorems describe the real fixed points of
fk 2 G and their nature for 0 < b < 1 and b > 1 respectively:
Theorem 2.1. Let fk 2 G and 0 < b < 1.
(a) If 0 < k < k, then f kðxÞ has only two real fixed points, r1
and a1 such that r1 < a1, where r1 is repelling and a1 is
attracting.
(b) If k ¼ k, then f kðxÞ has only one real fixed point x1 and
that is rationally indifferent.
(c) If k > k, then f kðxÞ has no real fixed points.
Proof. Suppose hkðxÞ ¼ fkðxÞ  x for x 2 R. Then, it is seen
that (i) hkðxÞ is continuously differentiable in R and negative
for jxj sufficiently large since hkðxÞ ! 1 as x ! 1 and
x !1. (ii) hkðxÞ has a unique local maximum at
~x1ð¼ ~x1ðkÞÞ since h0kðxÞ is decreasing, h0kðxÞ ! 1 as
x ! þ1 and h0kðxÞ ! þ1 as x ! 1. Hence, there exists a
unique real number ~x1 such that h
0
kð~x1Þ > 0 for
x < ~x1; h
0
kð~x1Þ ¼ 0 and h0kð~x1Þ < 0 for x > ~x1.(a) Since h0kð~x1Þ ¼ 0, it gives that k ¼ 1=f 0ð~x1Þ. By
0 < k < k; f 0ðx1Þ < f 0ð~x1Þ. It follows that x1 > ~x1
since f 0ðxÞ is decreasing. Therefore, by Eq. (1),
/ð~x1Þ ¼ f ð~x1Þ  ~x1f 0ð~x1Þ ¼ f 0ð~x1Þhkð~x1Þ > 0. So,
hkð~x1Þ > 0. Using (i) and (ii) with hkð~x1Þ > 0, the
function hkðxÞ has only two zeros. Hence, f kðxÞ
has only two real fixed points r1 and a1 with
r1 < ~x1 < a1. Moreover, h
0
kðr1Þ > 0 and h0kða1Þ < 0
since r1 < ~x1 < a1. It gives that f
0
kðr1Þ > 1 and
f 0kða1Þ < 1. Thus, the point r1 is repelling and the
point a1 is attracting for 0 < k < k
.
(b) If k ¼ k, then ~x1 ¼ x1 and hkðx1Þ ¼ 0. It follows that
hkðxÞ has only one zero. Hence, f kðxÞ has only one
real fixed point for k ¼ k. Since h0kðx1Þ ¼ 0, it shows
that f 0kðx1Þ ¼ 1. Consequently, the point x1 is a
rationally indifferent for k ¼ k.
(c) Using similar arguments as part (a), if k > k, then
~x1 > x1 and hkð~x1Þ < 0. By (ii), hkðxÞ < hkð~x1Þ < 0
for all x 2 R. Hence, hkðxÞ has no zeros. Thus, the
function f kðxÞ has no real fixed points for k > k.
This completes the proof of theorem for 0 < b < 1. hTheorem 2.2. Let fk 2 G and b > 1.
(i) If 0 < k < k, then f kðxÞ has only two real fixed points, r2
and a2 such that a2 < r2, where r2 is repelling and a2 is
attracting.
(ii) If k ¼ k, then f kðxÞ has only one real fixed point x2 and
that is rationally indifferent.
(iii) If k > k, then f kðxÞ has no real fixed points.
Proof. Let gkðxÞ ¼ fkðxÞ  x for x 2 R. Similarly as Theo-
rem 2.1, (I) gkðxÞ is continuously differentiable in R and posi-
tive for jxj sufficiently large since gkðxÞ ! þ1 as x ! 1
and x !1. (II) gkðxÞ has a unique local minimum at
94 M. Sajid~x2ð¼ ~x2ðkÞÞ since g0kðxÞ is strictly increasing, g0kðxÞ ! 1 as
x ! 1 and g0kðxÞ ! þ1 as x ! þ1. Therefore, there exists
a unique real number ~x2 such that g
0
kð~x2Þ < 0 for
x < ~x2; g
0
kð~x2Þ ¼ 0 and g0kð~x2Þ > 0 for x > ~x2.
The rest proof of the theorem is similar as Theorem 2.1.
Moreover, for b ¼ e > 1, the proof of this theorem can be
deduced from Kapoor and Prasad (1998). h
Remark 2.3. The function fk 2 G has no real periodic points of
period greater than one. It is concluded as: For 0 < b < 1,
since fkðxÞ < 0 for all x 2 R, then any real periodic point of
fkðxÞ is negative. Moreover, fkðxÞ is strictly increasing in R,
it gives that this point must be a fixed point. Similarly, for
b > 1, since fkðxÞ > 0 for all x 2 R, then any real periodic
point of fkðxÞ is positive. Further, fkðxÞ is strictly increasing
in Rþ, hence this point must be a fixed point.3. Real dynamics of fk ‰G
In the following theorems, the real dynamics of fk 2 G is found
for 0 < b < 1 and b > 1 respectively:
Theorem 3.1. Let fk 2 G and 0 < b < 1.
(a) If 0 < k < k, then f nkðxÞ ! a1 as n !1 for r1 < x and
f nkðxÞ ! 1 as n !1 for x < r1.
(b) If k ¼ k, then f nkðxÞ ! x1 as n !1 for x1 < x and
f nkðxÞ ! 1 as n !1 for x < x1.
(c) If k > k, then f nkðxÞ ! 1 as n !1 for all x 2 R.
Proof. The function f 0kðxÞ ¼ k ðx ln b1Þb
xþ1
x2
is strictly decreasing,
f 0kðxÞ ! 0 as x ! þ1 and f 0kðxÞ ! þ1 as x ! 1. Hence,
there exists a unique real number ~x1 such that f
0
kðxÞ > 1 for
x < ~x1; f
0
kð~x1Þ ¼ 1 and f 0kðxÞ < 1 for x > ~x1. Therefore, the
function fkðxÞ  x attains a local maximum value at x ¼ ~x1
since f 00k ð~x1Þ < 0.
(a) By Theorem 2.1(a), for 0 < k < k, it is seen that f kðxÞ
has a repelling fixed point r1 and an attractive fixed
point a1 with r1 < a1. It is easily shown that
f kðxÞ  x < 0 in ð1; r1Þ [ ða1;1Þ and f kðxÞ  x > 0
in ðr1; a1Þ. Since f kðxÞ is increasing in R, the sequence
ff nkðxÞgn>0 is increasing and bounded above by a1 for
r1 < x < a1 and, is decreasing and bounded below by
a1 for a1 < x. Hence, by monotone convergence theo-
rem, f nkðxÞ ! a1 as n !1 for r1 < x. Further, if
x < r1, f
n
kðxÞ ! 1 as n !1 since f kðxÞ < x for
x < r1.
(b) If k ¼ k, by Theorem 2.1(b), f kðxÞ has a unique ration-
ally indifferent fixed point at x ¼ x1. Since f kðxÞ is
increasing in R, the sequence ff nkðxÞg is decreasing
and bounded below by x1 for x

1 < x. Therefore,
f nk ðxÞ ! x1 as n !1 for x1 < x. If x < x1, then
f nkðxÞ ! 1 as n ! 1 since the sequence ff nkðxÞg is
decreasing and unbounded below.
(c) Since f kðxÞ < 0 for all x 2 R; f kðxÞ < x for x < 0 and,
by Theorem 2.1(c), it can be deduced that, for
k > k; f nkðxÞ ! 1 as n !1 for all x 2 R.The proof of theorem is completed for 0 < b < 1. h
Theorem 3.2. Let fk 2 G and b > 1.
(i) If 0 < k < k, then f nkðxÞ ! a2 as n !1 for x < r2 and
f nkðxÞ ! 1 as n !1 for x > r2.
(ii) If k ¼ k, then f nkðxÞ ! x2 as n !1 for x < x2 and
f nkðxÞ ! 1 as n !1 for x > x2.
(iii) If k > k, then f nkðxÞ ! 1 as n !1 for all x 2 R.
Proof. The function f 0kðxÞ ¼ k ðx ln b1Þb
xþ1
x2
is strictly increasing,
f 0kðxÞ ! 0 as x ! 1 and f 0kðxÞ ! 1 as x !1. Then, there
exists a unique real number ~x2 such that f
0
kðxÞ < 1 for
x < ~x2; f
0
kð~x2Þ ¼ 1 and f 0kðxÞ > 1 for x > ~x2. Therefore, the
function fkðxÞ  x attains a local minimum value at x ¼ ~x2
since f 00k ð~x2Þ > 0.
The rest of the proof of the theorem is similar to
Theorem 3.1. Moreover, the proof of this theorem can be
also deduced from Kapoor and Prasad (1998) for b ¼ e > 1.
h
Remark 3.1. By Remark 2.2, the dynamics of fk 2 G can be
directly deduced from Theorem 3.1 for b > 1, and it is also
observed that the dynamical behavior is symmetrical.
For 0 < b < 1 (b > 1), from Theorem 3.1 (Theorem 3.2), it
signifies that bifurcation in the dynamics of fk 2 G occurs at the
parameter value k ¼ k (k ¼ k) since under iteration of fk the
orbits of all the points greater than rk (less than rk) for
0 < k < k (0 < k < k) and x1 (x

2) for k ¼ k (k ¼ k)
remain bounded and the orbits of all the points less than
(greater than) these points become unbounded; while, if
k > k (k > k), there is no real point whose orbit remain
bounded.
4. Conclusions
The fixed points and real dynamics of one parameter family of
functions fkðxÞ ¼ k bx1x have been investigated in this work. It
has been found that for certain range of parameter values, the
real fixed points of fkðxÞ exist but for other values there are no
fixed points. The bifurcation in the real dynamics of fkðxÞ has
also occurred at the real parameter value.
Acknowledgment
The author is grateful to the anonymous referee for carefully
reviewing the manuscript and giving helpful suggestions and
comments.
References
Akbari, M., Rabii, M., 2015. Real cubic polynomials with a fixed point
of multiplicity two. Indagationes Mathematicae 26, 64–74. http://
dx.doi.org/10.1016/j.indag.2014.06.001.
Devaney, R.L., 2001. Sex: dynamics, topology, and bifurcations of
complex exponentials. Topology Appl. 110, 133–161. http://dx.doi.
org/10.1016/S0166-8641(00)00099-7.
Devaney, R.L., 2004. A survey of exponential dynamics. In: Aulbach,
B., Elaydi, S., Ladas, G. (Eds.), New Progress in Difference
Equations. Chapman and Hall/CRC’, pp. 105–122.
Real fixed points and dynamics of one parameter family of function ðbx  1Þ=x 95Fagella, N., Garijo, A., 2003. Capture zones of the family of functions
kzm expðzÞ. Int. J. Bifurcation Chaos 13 (9), 2623–2640. http://dx.
doi.org/10.1142/S0218127403008120.
Kapoor, G.P., Prasad, M.G.P., 1998. Dynamics of ðe z  1Þ=z: the
Julia set and bifurcation. Ergod. Theory Dyn. Sys. 18 (6), 1363–
1383. http://dx.doi.org/10.1017/S0143385798118011.
Kuroda, T., Jang, C.M., 1997. Julia set of the function zexpðzþ lÞ II.
Tohoku Math. J. 49, 557–584. http://dx.doi.org/10.2748/tmj/
1178225063.
Magrenan, A., Gutierrez, J., 2015. Real dynamics for damped
Newtons method applied to cubic polynomials. J. Comput. Appl.
Math. 275, 527–538. http://dx.doi.org/10.1016/j.cam.2013.11.019.
Nayak, T., Prasad, M.G.P., 2014. Julia sets of Joukowski-exponential
maps. Complex Anal. Oper. Theory 8 (5), 1061–1076. http://dx.doi.
org/10.1007/s11785-013-0335-1.
Petek, P., Rugelj, M.S., 1998. The dynamics of kþ zþ expðzÞ. J. Math.
Anal. Appl. 222 (1), 38–63. http://dx.doi.org/10.1006/jmaa.1997.
5724.Radwan, A.G., 2013. On some generalized discrete logistic maps. J.
Adv. Res. 4 (2), 163–171. http://dx.doi.org/10.1016/j.jare.2012.
05.003.
Sajid, M., 2012. Real and complex dynamics of one parameter family
of meromorphic functions. Far East J. Dyn. Syst. 19 (2), 89–105.
Sajid, M., Kapoor, G.P., 2007. Dynamics of transcendental meromor-
phic functions ðzþ lÞe z=ðzþ lþ 4Þ having rational Schwarzian
derivative. Dyn. Syst.: Int. J. 22 (3), 323–337. http://dx.doi.org/
10.1080/14689360701208131.
Sajid, M., Alsuwaiyan, A.S., 2014. Chaotic behavior in the real
dynamics of a one parameter family of functions. Int. J. Appl. Sci.
Eng. 12, 289–301.
Shen, Z., Rempe-Gillen, L., 2015. The exponential map is chaotic: an
invitation to transcendental dynamics. <http://arxiv.org/abs/1408.
1129v2>
Yanagihara, N., Gotoh, K., 1998. Iteration of the function
cexp½azþ b=z. Math. Japon. 48 (3), 341–348.
